Abstract. Normalizers and p-normalizers of maximal tori in p-compact groups can be characterized by the Euler characteristic of the associated homogeneous spaces. Applied to centralizers of elementary abelian p-groups these criteria show that the normalizer of a maximal torus of the centralizer is given by the centralizer of a preferred homomorphism to the normalizer of the maximal torus; i.e. that "normalizer" commutes with "centralizer".
Introduction
The purpose of this paper is to formulate recognition criteria for the normalizer and the p-normalizer of a maximal torus of a p-compact group.
Fix a prime p and consider a p-compact group X. Let N (i) : N (T ) → X denote the normalizer and N p (i) : N p (T ) → X the p-normalizer [6, 9.8 ] of a maximal torus [6, 8.9 ] i : T → X. N (T ) is the middle term of a short exact sequence [6, 3.2] 
of loop spaces T → N (T ) → W T (X)
where W T (X) is the Weyl group. N p (T ) is the middle term of a short exact sequence of p-compact groups
where W T (X) p is a Sylow p-subgroup of W T (X). Thus N (T ) is an extended p-compact torus [7, 3.12] and N p (T ) is a p-compact toral group [6, 6.3] . The morphism N p (i) : N p (T ) → X is a monomorphism [6, 3.2] of p-compact groups. Before we can say that N (i) : N (T ) → X is a monomorphism, too, we need to define what it means for a morphism of an extended p-compact torus to a p-compact group to be a monomorphism.
Let G be any extended p-compact torus and f : G → X a morphism, i.e. a based map Bf : BG → BX. G fits into a short exact sequence S → G → π where the identity component S = G 0 is a p-compact torus and the component group π = π 0 (G) is finite. Define τ 0 (G) to be the kernel of the conjugation action π → Aut(π 1 (S)) of the component group on the identity component.
Call G → X a p-monomorphism if for some (hence (2.1) any) Sylow p-subgroup G p → G, the restriction G p → G → X is a monomorphism of p-compact groups. A Sylow p-subgroup of G is a morphism G p → G of a p-compact toral group G p to G which restricts to an isomorphism on the identity components and induces a monomorphism on component groups taking π 0 (G p ) isomorphically onto a Sylow p-subgroup of π 0 (G). N p (T ) is a Sylow p-subgroup of N (T ) and N (i) : N (T ) → X is a p-monomorphism.
Definition 1.1. The morphism f : G → X is a monomorphism if it is a p-monomorphism and τ 0 (G) is a p-group.
With this definition, the p-monomorphism N (i) : N (T ) → X is a monomorphism for [13, 3.4 
.2] τ 0 (N (T )) = π 0 (C X (T )) is a p-group.
Let X/G denote the homotopy fibre of Bf : BG → BX. If f is a monomorphism, X/G is (3.1) F p -finite so the F p -Euler characteristic χ(X/G) is defined. For instance [6, 8.10, 9.5] , χ(X/T ) = |W T (X)|, χ(X/N p (T )) = |W T (X) : W T (X) p |, and (3.3, 3.10) χ(X/N (T )) = 1. Theorem 1.2. (3.4, 3.5, 3.6) Let f : G → X be a monomorphism from an extended p-compact torus G to X. Then f is conjugate to homotopy commutative.
Most work goes into proving (1.2.3). Indeed, (1.2.1) is already known [7, 2.15] and (1.2.2) quickly follows from [6, 7] .
An application of this recognition principle, shows that, in a certain sense, centralizers commute with normalizers. To be more precise, let ν : V → X a monomorphism of an elementary abelian p-group V = (Z/p) d to X. Suppose that µ : V → N (T ) is a lift of ν over N (i) such that composition with N (i) induces a morphism C N (i) (V ) : C N (T ) (µ) → C X (ν) of centralizers. Is C N (T ) (µ) the normalizer of a maximal torus of C X (ν)? With a suitably chosen lift µ, it is.
Theorem 1.3. Let ν : V → X be a monomorphism of an elementary abelian p-group into X. There exists a lift µ : V → N (T ) of ν such that
is conjugate to the normalizer of a maximal torus of C X (ν). If V has rank one (4.6), but not in general (4.14.3) , the lift µ is unique up to conjugacy A lift µ as in Theorem 1.3 will be called a preferred lift of ν. This theorem is particularly useful (4.12) in connection with the centralizer decomposition [7, 8.1] of BX and the N -conjecture for p-compact groups. The N -conjecture, see e.g. [10, 5.2] [17, 5.20 ], asserts that pcompact groups are determined up to isomorphism by their maximal torus normalizers. In [11] , preferred lifts are used in a general approach to the N -conjecture leading in [15, 14] to actual verifications of the conjecture in a number of special cases.
I would like to thank W. Dwyer for a most helpful conversation during the BCAT 94 and in particular for telling me how to exploit the result of [5] in the proof of (1.3). I also benefited from conversations with R. Kane and L. Smith. Special thanks are due to the Centre de Recerca Matematicà for warm hospitality and support when part of this work was done.
Monomorphisms
Suppose that G and H are extended p-compact tori and X a p-compact group. Note first of all, as tacitly required in the definition of a monomorphism, that Sylow p-subgroups of extended p-compact tori are essentially uniquely determined. Proof. By covering space theory, there exists a map BG p → BG p , necessarily a homotopy equivalence, that makes the diagram homotopy commutative.
Then g restricts to a morphism g p : G p → H p and further to a morphism g 0 : S → T between the identity components S = G 0 and
Define the rank of G, rk(G), to be the rank [6, 6.3] of S. If g is a 0-monomorphism, rk(G) ≤ rk(H) [6, 8.11] and equality holds if and only if g 0 is an isomorphism.
Mapping BS into the fibration sequence BS → BG → Bπ 0 (G) results in another fibration sequence
which leads to the short exact sequence
of extended p-compact tori. Note in particular that π 0 (C G (S)) = τ 0 (G). The short exact sequence (2.2) is not quite natural but composition with g : G → H and g 0 : S → T induces a commutative diagram
with exact rows where the two lower short exact sequences are isomorphic provided g 0 is an isomorphism.
Lemma 2.3.
Suppose that g is a 0-monomorphism. Then:
If rk(G) = rk(H)
and g is a p-monomorphism, the order of ker π 0 (g) is prime to p.
Proof. The first two statements follow from the commutative diagram
expressing naturality of conjugation actions. Here, π 1 (g) = π 1 (g 0 ) is a monomorphism if g is a 0-monomorphism [16, 3.4] and an isomorphism if also G and H have the same rank. Under the assumptions of point (3), π 0 (g) p is a monomorphism.
It follows that there aren't any monomorphisms of extended p-compact tori to p-compact toral groups besides the already known ones.
Thus there is a bijection between fibrations
classified by elements of H 3 (π 0 (G); π 1 (S)), and group extensionš
By naturality of this correspondence, the fibre map Bg : BG → BH induces [7, 3.13] [16, 3.4 ] a monomorphism and (2.3) that ker π 0 (g) < τ 0 (G). Since τ 0 (G) is a p-group, so is ker π 0 (g) and we may then assume that ker π 0 (g) < π 0 (G p ). It follows that kerǧ =Ǧ p ∩ kerǧ = kerǧ p is trivial.
(2) ⇒ (3): Since G and H have the same rank, any monomorphism
.11] and we say that f is of maximal rank if rk(G) = rk(X). 
Proof. Let B(N (f )|S) denote the unique conjugacy class corresponding [13, 3.4] 
is the normalizer for a maximal torus of C X (S). By maximality, f |S is a maximal torus for X and
Equivalently, the space of lifts,
The space of lifts of Bf over BN (i),
is therefore also contractible. In particular, there exists a based lift BN (f ) of Bf over BN (i) and any two such lifts are vertically homotopic.
Let now, in the maximal rank case,
denote the homomorphism (defined up to conjugacy) between the component groups induced by N (f ). We now combine (2.5) and (2.6).
Then the following conditions are equivalent:
Thus all maximal rank monomorphisms G → X are obtained by restricting
Corollary 2.8. For any maximal rank
p-monomorphism f : G → X, ker W (f ) is a subgroup of τ 0 (G) of order prime to p. If X is connected, ker W (f ) = τ 0 (G).
Proof. Use (2.3) and recall that
is trivial for a connected X.
Euler characteristic criteria
Recall that a space Y is [6, 4.3] and the Euler characteristic
is defined. These notions generalize to pairs.
The proof of (3.1) depends on a little lemma which we for later reference formulate in greater generality than needed now. 
Proof. Consider the diagram, commutative except for the upper square,
where tr * 1 and tr * 2 are transfer homomorphisms. A diagram chase reveals that multiplication by m 1 on coker u * factors through a subspace of coker v * and that multiplication by m 2 on ker u * factors through a subspace of ker v * . Thus coker u * and ker u * are finite dimensional vector spaces if coker v * and ker v * are.
Proof of 3.1.
Since g is a p-monomorphism, the total space of the |π 0 (G) :
Consequently, χ(X/G) = 1 if and only if f has maximal rank and W (f ) is an epimorphism, and χ(X/G) = 0 if and only if rk(G) < rk(X).

Proof. Put s = rk(G) and r = rk(X).
Assume first that X is connected. Then [6, 9.7 
T is noetherian (indeed a polynomial ring) and H * (X /G; Q p ) finite dimensional over Q p , the Serre spectral sequence for the fibration X/G → BG → BX shows that R π S is a finitely generated R W Tmodule. Also, the homological dimension
.4.4] and hence
is finite dimensional over Q p . Moreover, as this is the E 2 -term for the Eilenberg-Moore spectral sequence converging to
and the multiplicative property of Poincaré series yield
where the second identity exploits information [1, 2. 
reveals that the homogeneous space X/G is homotopy equivalent to a disjoint union of |π 0 (X) :
where χ(X 0 /X 0 ∩ G) is given by the above computations in the connected case. In particular,
, and in the maximal rank case,
where the first equality is a consequence of the commutative diagram
with exact rows.
Proposition 3.4. The following conditions are equivalent for any p-mono-
1. f has maximal rank and
Proof. (1) and (2) are evidently equivalent, (2) and (3) 
Consequently,
The morphisms f and
And even more special case arises when G is a p-compact torus. Then, in the maximal rank case, χ(X/G) = |W T (X)| since π 0 (G) is trivial. 
The morphisms f and i are conjugate with exact rows. Consider the induced morphisms
where N (T )/Z is an extended p-compact torus with identity component
Since the F p -finite space 
we see [3, VII.6 
.3] thatT →Ĝ,N p (T ) →Ĝ, andN (T ) →Ĝ are pmonomorphisms with χ(Ĝ/T ) = χ(G/T ) = 0, χ(Ĝ/N p (T )) = χ(G /N p (T )) = 0 mod p, and χ(Ĝ/N (T )) = χ(G/N (T )) = 1. It now easily follows from (3.4, 3.5, 3.6) thatN (T ) →Ĝ is the normalizer andN p (T ) → G the p-normalizer of the maximal torusT →Ĝ.
We shall later need a little information on the special case where G = N (T ) is the normalizer of the maximal torus.
The maximal torus i : T → X for X factors through the identity component T → X 0 . The normalizer N 0 (T ) of this maximal torus for X 0 is related, cf. [16, 3.8] , to the normalizer N (T ) of the maximal torus for X by a short exact sequence
of extended p-compact tori. The fibre map
shows that X/N (T ) X 0 /N 0 (T ) and thus that X/N (T ) is a connected homogeneous space with fundamental group π 1 (X/N (T )) ∼ = W T (X 0 ). (Use the fact that π 1 (N (T )) → π 1 (X) is [16, 5.6] surjective to get the expression for the fundamental group.)
Proof. As noted above, we may assume that X is connected. Then the induced map H * (BN (i);
is an isomorphism [6, 9.7] and the lemma follows from the Serre spectral sequence.
Finally, we turn to a somewhat different situation. Let g : Y → X be a monomorphism of some p-compact group Y to X. Then rk(Y ) ≤ rk(X). In the maximal rank case, g induces (2.6) a normalizer morphism, N (g), unique up to conjugacy, such that the diagram
commutes where N (S) → Y is the normalizer in Y of a maximal torus S → Y . Define the Weyl homomorphism to be the group homomorphism
induced by N (g).
Corollary 3.11. (Cf. [16, 3.12].) Let g : Y → X be a monomorphism of pcompact groups inducing an epimorphism
π 0 (g) : π 0 (Y ) → π 0 (X) of com- ponent groups. Then rk(Y ) ≤ rk(X) and
if rk(Y ) = rk(X), then W (g) : W S (Y ) → W T (X) is injective and the
Euler characteristic χ(X/Y ) = |W T (X) : im W (g)|.
if rk(Y ) < rk(X), then χ(X/Y ) = 0.
Consequently,
The first implication can be reversed provided π 0 (g) is an isomorphism.
Proof. The homogeneous space X/Y is connected and the action of the fun-
is nilpotent because [6, 11.6 ] it factors through the finite p-group π 0 (Y ). Hence [7, 11.6 ]
by (3.10). If rk(Y ) = rk(X), then W (g) is (2.5) injective and (3.3) the Euler characteristic χ(X/N (S)) = |W T (X) : im W (g)|; otherwise (3.3) χ(X/N (S)) = 0. This proves (1) and (2).
Suppose that χ(X/Y ) = 1. Then Y and X have the same rank and W (g) is bijective. Assuming π 0 (g) is bijective, the Weyl homomorphism
, induced by the restriction g 0 : Y 0 → X 0 to the identity components, is [16, 3.8] bijective too. Thus g 0 is both a rational isomorphism [6, 9.7] and a monomorphism, hence [16, 3.7] [7, 4.7] an isomorphism.
The remaining statements are easily proved.
The Euler characteristic conditions formulated in this section have seemingly not played any significant role in classical Lie group theory. In the next section, they will be applied to analyze the centralizer of an elementary abelian p-group.
Centralizers of elementary abelian p-groups
The content of this section constitutes a proof of (1.3).
Let ν : V → X be a monomorphism of an elementary abelian p-group V to the p-compact group X. The centralizer C X (ν) = C X (νV ) is again a p-compact group and C X (ν) → X is a monomorphism [6, 5.1, 5.2] . The aim here is to identify the normalizer of a maximal torus of C X (ν) using the recognition principle of (3.4).
Consider lifts
and BN (T ). According to [7, 2. 14] such lifts always exist. Note that V acts on T and, by conjugation, on
shows that the homotopy groups of BC N (T ) (µ) are concentrated in degrees ≤ 2. The fundamental group,
is a free, finitely generated module over Z p . For the component group there is a short exact sequence
where the group to the right is the isotropy subgroup at Bµ for the action of the fundamental group π 1 
Corollary 4.3. Let µ : V → N (T ) be a lift of ν : V → X. Then the centralizer C N (T ) (µ) is an extended p-compact torus and C
N (T ) (µ) → C X (ν) is a p-monomorphism.
Proof. The above computation of the homotopy groups shows that
C N (T ) (µ) is an extended p-compact torus. Moreover, C Np(T ) (µ p ) is a Sylow p-sub- group of C N (T ) (µ) for a suitable lift µ p : V → N p (T ) of µ (4.4) and the composite C Np(T ) (µ p ) → C N (T ) (µ) → C X (ν) is [7, 2.5] a monomor- phism.
Lemma 4.4. Any morphism
of section, or homotopy fixed point, spaces. Using this map, build a commutative diagram
where both vertical maps are covering maps and the horizontal ones are evaluation maps. From [6, 4.11] , using [6, 5.7] to verify the F p -completeness hypothesis, we infer that the space (X/N p (T )) hV and the pair ((X/N p (T )) hV , BV ×(X/N p (T )) hV ) are F p -finite. By (3.2), the homotopy fixed point space (X/N (T )) hV and the pair ((X/N (T )) hV , BV × (X/N (T )) hV ) are F pfinite, too. In this situation, the Lefschetz number Λ(X/N (T ), (X/N (T )) hV ; V ) = 0 [6, 4.17] . Hence the Euler characteristic of the trivial V -space (X /N (T )) hV is given by
using the additive property [6, 4.12] of Lefschetz numbers and (3.10).
We can now prove (1.3) for elementary abelian p-groups of rank one.
Proposition 4.6. Assume that ν : V → X is a monomorphism of a rank one elementary abelian p-group V to X. Then there exists up to conjugacy exactly one lift
is a maximal torus for the centralizer of ν. The normalizer of this maximal torus is conjugate to
Proof. In the fibration
the components of the total space are indexed by conjugacy classes of homomorphisms µ : V → N (T ) with N (i) • µ conjugate to ν. The fibre can also be described as a finite disjoint union
by the Euler characteristic computation of (4.5). Since all terms of this sum are nonnegative (3.3), exactly one of them must be equal to 1 and the rest equal to 0. Let now µ : V → N (T ) denote the uniquely determined preferred lift of ν for which the homogeneous space C X (ν)/C N (T ) (µ) has Euler characteristic equal to 1. This lift is characterized by the property that the identity component S = C N (T ) (µ) 0 is (3.4, 3.6) a maximal torus for C X (ν). It remains to show that the normalizer of the maximal torus S is conjugate to
Consider the following list of statements
According to (3.3, 3.4) , the first statement implies the proposition. Moreover, each statement implies the one above it: The implication (3) ⇒ (2) holds because, since S is a p-compact torus, C N (T ) (S) is known [13, 3.4 . (3)] to be conjugate to the maximal torus of C X (S) and (5) ⇒ (4) holds because only in a p-compact toral group can the centralizer of a cyclic p-group be homotopically discrete [5, 1.4] . Thus the proof has been reduced to the verification of (5) . Let
be the fibration sequence obtained by mapping BV into the fibation sequence corresponding to the central extension [6, 8.2, 8.3 ]
Each component of the fibre of (4.7) is homotopy equivalent to BS for BS hV = BS × BV and BS hV = map(BV, BS) by centrality. Moreover,
is the identity component of the centralizer of the maximal torus S → C X (V ) and hence the exact homotopy sequence of fibration (4.7) shows that the base space component BC C X (S)/S (V ) is aspherical, i.e. that C C X (S)/S (V ) is homotopically discrete. The scene is now set for an inductive proof of Theorem 1.3.
Proof of Theorem 1.3. Let V be an elementary abelian p-group of rank at least two. Write V = V 1 ×V 2 where V 1 and V 2 are nontrivial elementary abelian pgroups. Let ν 2 = ν|V 2 : V 2 → X be the restriction of and ν 1 :
We may inductively, by (4.6), assume that there exist a lift µ 2 :
is conjugate to the normalizer of a maximal torus and also a lift µ 1 :
is conjugate to the normalizer of a maximal torus. Equivalently, C N (T ) (µ) → C X (ν), where µ is adjoint to µ 1 , is conjugate to the normalizer of a maximal torus. 
A lift µ : V → N (T ) of ν : V → X is a preferred lift if and only if A(µ)
is trivial.
Proof. Clearly, if µ is a preferred lift of ν and C X (ν) has maximal rank, then (4.1) A(µ)(V ) fixes π 1 (T ) ⊗ Q pointwise so the action of V on π 1 (T ) ⊗ Q, and hence on π 1 (T ), is trivial. The remaining assertions are proved by induction over the rank of V with the induction start provided by (4.6) .
Suppose now that V has rank greater than one and write V = U ⊕ U ⊥ as a direct sum of two nontrivial elementary abelian p-groups.
Assume that A(µ) is the trivial morphism. Let ν ⊥ : U ⊥ → C X (ν|U ) and µ ⊥ : U ⊥ → C N (T ) (µ|U ) be the adjoints of ν and µ relative to the above splitting of V . Note that the centralizer of ν ⊥ is the centralizer of ν and that all three p-compact groups C X (ν) → C X (ν|U ) → X have the same rank. Note also that both A(µ|U ) = A(µ)|U and A(µ ⊥ ) = A(µ)|U ⊥ → Aut(π 1 (T ) A(µ)(V ) ) = Aut(π 1 (T )) are trivial homomorphisms. Now apply the induction hypothesis twice to conclude, first, that µ|U is a preferred lift of ν|U and, next, that µ ⊥ is a preferred lift of ν ⊥ , or, equivalently, that µ is a preferred lift of ν.
Finally, let µ 1 and µ 2 be two preferred lifts of ν. Then the associated homomorphisms A(µ 1 ) and A(µ 2 ) are trivial. Applying the induction hypothesis twice, we infer that the restrictions µ 1 |U and µ 2 |U are conjugate in N (T ) and that the adjoints µ ⊥ 1 and µ ⊥ 2 are conjugate in
. By adjointness, this shows that µ 1 and µ 2 are conjugate in N (T ).
If the centralizer of the monomorphism ν : V → X has maximal rank, there is a factorization ν : V → C X (T ) of ν through the centralizer of the maximal torus. And since the centralizer of T in N (T ) is isomorphic (2.6) to the centralizer of T in X we obtain a lift of µ of ν as in the diagram
/ / X and hence also a lift of ν. This is the preferred lift of ν. This applies in particular when X is connected and V ∼ = Z/p has rank one. From (4.11) and (4.9) we see that for a connected p-compact group any ν admits a preferred lift µ such that W (µ) has a nontrivial kernel. Example 4.12. Let f : X → X be an automorphism of X whose normalizer morphism N (f ) : N (T ) → N (T ) is conjugate to the identity and let ν : V → X be a monomorphism of an elementary abelian p-group to X. Choose a preferred lift µ :
commutes up to conjugacy. Thus also the normalizer morphism N (C f (V )) = C N (f ) (V ) of C f (V ) is conjugate to the identity. See [11] for an application of this example.
Remark 4.13. LetŤ →Ň (T ) → W T (X) be a discrete approximation [7, 3.12] 
determines an action of V onŤ (and on BT and π 1 (T )). Let C W T (X) (im W (µ)) µ denote the subgroup of those elements w in the centralizer of im W (µ) for whichwμw −1 , wherew ∈Ň (T ) is a lift of w, isŤ -conjugate toμ. Then the short exact sequence (4.2) has the form
where W (ν) denotes the Weyl group of C X (ν).
Example 4.14.
(1) For any monomorphism V → T into the maximal torus, 
Let P be the permutation matrix of the cycle (1 2 3). Then P µP −1 is another preferred lift of (the conjugacy class of) ν which is not conjugate in N (T ) to µ.
The third of these examples, which shows that (4.11) and the uniqueness part of (4.6) do not hold in general, is understood to take place in the category of 2-compact groups by means of (3.9) and (4.15). The above discussion focused on the normalizer of the maximal torus. I close this note with a few words on the analogous, but much easier, problem for the p-normalizer.
With µ denoting a preferred lift of ν as in (1.3) and µ p a lift of µ as in (4.4), C Np(T ) (µ p ) → C X (ν) is conjugate to the p-normalizer of a maximal torus of the centralizer C X (ν). The existence of such a lift to the p-normalizer is, however, more easily proved directly (even in a more general situation). Conversely, C Np(T ) (µ p ) → C X (ν) factors through N p (ν) → C X (ν) for general reasons [7, 2.14] and hence (3.7) these two p-compact toral groups are isomorphic.
Preferred actions
In this section we look at actions of elementary abelian p-groups or cyclic p-groups on p-compact groups and preferred actions on the maximal torus normalizer.
Let 
where V is the image of π 0 (C X hV (ν)) in V . As in the proof Lemma 5.2 we infer that since the middle vertical monomorphism is conjugate to the normalizer of a maximal torus, so is the left vertical monomorphism.
